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Non-linear Breit-Wheeler e+e− pair production and its crossing channel - the non-linear Compton
process - in the multi-photon regime are analyzed for linearly and circularly polarized short laser
pulses. We show that (i) the azimuthal angular distributions of outgoing electrons in these processes
differ on a qualitative level, and (ii) they depend on the polarization properties of the pulses. A
finite carrier envelope phase φCEP leads to a non-trivial non-monotonic behavior of the azimuthal
angle distributions of the considered processes. That effect can be used for the φCEP determination.
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I. INTRODUCTION
The non-linear Breit-Wheeler (BW) process means the
decay of a probe photon γ′ (energy ω′, four momen-
tum k′) into an electron (e−) - positron (e+) pair while
traversing a laser pulse (characterized by central fre-
quency ω, wave four vector k and polarization four vec-
tor a with a · k = 0, where the dot stands for the scalar
product), symbolically γ′ → e−L + e+L . Here, the label
”L” points to the laser dressed e± wave functions. In
the plane wave approximation, one can further distin-
guish a monochromatic laser beam, represented by an
infinitely long duration (that is dubbed the infinite pulse
approximation [IPA]) and a pulse of finite duration (that
is dubbed the finite pulse approximation [FPA]). In the
latter case, the bandwidth effects cause a distribution of
frequencies around the central one, as evidenced by the
power spectrum of the pulse. The IPA case has been
analyzed in depth by the Ritus group [1] some time ago
and summarized in a well known review paper [2]. For
completeness, we have to mention the pioneering papers
by Reiss [3] and the review papers [4, 5], see also recent
publications [6, 7]. It turned out that the polarization of
the laser has a noticeable impact on the pair production
probability due to the different angular momenta of the
emerging e±L . (For a complete treatment of polarization
effects, cf. [8].)
In fact, inspecting the cross sections σ(s, ξ)lin,circ (see
Fig. A1 in the supplementary material reproducing Fig. 1
in [9] for linear (”lin”) polarization and Fig. 2.4 in [10] for
circular (”circ”) polarization), one observes pronounced
structures in the contour plot of σ(s, ξ)lin, while that of
σ(s, ξ)circ is significantly smoother. Here, s denotes the
Mandelstam variable, s = (k′ + k)2 (= 4ω′ω for head-on
collisions), and ξ stands for the Lorentz and gauge invari-
ant classical non-linearity parameter characterizing solely
the laser (the precise definitions are presented below).
Since high and ultrahigh laser intensities are achieved
customarily by the chirped pulse amplification one is
forced to take into account the effect of the pulse du-
ration, i.e. one has to analyze the FPA case. A number
of interesting and important effect of finite pulses related
to the non-linear Compton (C) and BW processes are an-
alyzed in Refs. [11–15, 17–25] and [26–35] , respectively.
The temporal pulse structure is expected to be important
for short and ultrashort pulses. This is the topic of the
present paper. To be specific, we are going to compare
total cross sections and azimuthal-angle differential cross
sections for linearly and circularly polarized laser pulses
with the corresponding IPA results. Since also the car-
rier envelope phase φCEP matters in the FPA case, we
study also its role. The rational is that, for short and
ultrashort pulses, the azimuthal symmetry is broken, as
it is generally for linear polarization.
We restrict ourselves on the multi-photon regime, i.e.
ξ < 1. For the BW process in that regime, one can dis-
tinguish the above-threshold region, s > 4m2∗ (the laser
dressed effective e± mass in IPA is m∗ ), and the sub-
threshold region, s < 4m2∗. Noting the IPA cross section
for circular polarization as σBW = 2πα2s−1ξ−2Fγ(s, ξ)
[36] with
Fγ =
∞∑
n=1
Θ(s− 4m
2
∗
n
)
∫ un
1
du
u
√
u(u− 1) (1)
× [2J2n(z) + ξ2(2u− 1)(J2n+1(z) + J2n−1(z)− 2J2n(z))] ,
un = n
s
4m2∗
, z =
8m2
s
ξ√
1 + ξ2
√
u(un − u),
n = 1, 2, 3 · · · (2)
one sees a striking ξ dependence at constant s: Fγ(s >
4m2, ξ) ∝ ξ2 and Fγ(s = s−n ≡ 2m2(2/n − ǫ), ξ) ∝
2ξ2(n+1), see Fig. 1 (since ξ < 1 we replace m∗ → m, the
vacuum e± mass). This can be interpreted in a pertur-
bative diagrammatic picture as reactions γ′+(n+1)γ →
e+ + e−, hence the notion ”multi-photon regime”. In
other words, below the threshold s = 4m2, n additional
photons are required to participate in the creation of an
e+e− pair at entrance channel energy squared just below
sn. Clearly, n enumerates the harmonics.
FIG. 1: (Color online) The quantity Fγ (1) as a function of
ξ for s/2m2 = 2.5 (top curve) and s/2m2 = 2/n − 0.03 for
n = 1 · · · 5. The dashed curves are for Fγ = const ξ
2 (top
curve) and Fγ = const ξ
2(n+1).
Figure 1, even for IPA and circular polarization, gives
some guidance of the parameter range we are interested
in: ξ < 1 and 0.8m2 < s < 4m2. Instead of the Man-
delstam variable s we use henceforth the sub-threshold
measure ζ = 4m2/s, 1 < ζ < 5, i.e. uncovering essentially
n = 1 · · · 5.
Assuming an optical laser with ω = 1.55 eV, the probe
photon must have an energy of ω′/m = 3.3 × 105/n, at
least. The seminal SLAC experiment E-144 [37], albeit
for the trident process e− + L → e− + e+ + e− which
contains the non-linear BW as a subprocess, subsequent
to non-linear Compton backscattering e−+L→ e−+γ′,
has tested this multi-photon regime at ξ = 0.4. The en-
visaged LUXE experiment [38] will probe the non-linear
BW process at ξ > 1. The photons γ′ are thereby de-
livered by bremsstrahlung of the XFEL driver beam (L)
with energies O(10 GeV). The LUXE laser, when less
tightly focused, provides therefore also an access to the
multi-photon regime and can be used for benchmarking
issues. Note also the interesting goal of LUXE as an ac-
cess to ”measuring the boiling point of the vacuum of
quantum electrodynamics” [39]).
The non-linear C process eL → e′L + γ′ is a crossing
channel of the BW process. However, as already evi-
denced by the perturbative (i.e. linear) treatment, the
kinematics of both processes is vastly different. In the
weak-field regime, ξ ≪ 1, where the series expansion in
powers of the fine structure constant α applies, the phys-
ical regions over the Mandelstam s−t−u plane are fairly
different [16, 40]. This is related to the fact that BW is
a threshold process requiring s > 4m2, while C has a
Thomson limit and is allowed at s > m2, i.e. it is always
above the threshold. These differences continue into the
multi-photon and non-perturbative regimes. In case of a
monochromatic plane wave background, the probability
of the C process is represented as an infinite sum of inte-
ger n harmonics from one to infinity, where each separate
n corresponds to the number of background (laser pulse)
photons involved into the process: σC = 4πα q0m2ξ2 (k·p) W
with [17, 40]
W =
αm2
4 q0
∞∑
n=1
∫ un
0
du
(1 + u)2
(3)
×
[
−4J2n(z) + ξ2
(
2 +
u2
1 + u
)
× (J2n+1(z) + J2n−1(z)− 2J2n(z))] ,
u =
k · k′
k · p′ , un = 2n
k · p
m2∗
, z =
2n ξ√
ξ2 + 1
√
u
un
(1− u
un
)
(4)
for circular polarization. The decisive difference to (1) is
as follows. Due to the step function Θ in (1), the cross
section as a function of s displays a severe channel-closing
effect: the first harmonic, n = 1, closes at s = 4m2∗
when going from large to small values of s. The n = 2
harmonic closes at s = 2m2∗ etc. [9]. This channel closing
at sn = 4m
2
∗/n together with decreasing strengths of the
higher harmonics make σBW (s) a step-like function of s.
(The steps are not sharp due to the s dependence still
residing in the variable z in (2).) Thus, multi-photon
effects are showing up in σBW (s, ξ < 1).
In contrast, all harmonics contribute to the total
Compton cross section σC(s > m2∗, ξ), i.e. the total cross
section does not exhibit such a self-evidencing signature
of the multi-photon effect. However, as noted earlier
[16, 17] the differential cross section dσC/du, at given
s and ξ, has strong imprints of the multi-photon dy-
namics since an analog effect of channel closing appears
at the Compton edges. At un = 2nk · p/m2∗, the nth
harmonic disappears making the u-differential cross sec-
tion structured, with a series of peaks at Compton edges
for n = 1, 2, 3 · · ·. The peaks become rapidly less pro-
nounced at larger values of n due to the omnipresent
”background” of higher harmonics which have supports
in the same region of u.
The variable u can be translated into the frequency ω′
of the emitted photon (thus referring to a selected frame),
showing a similar pattern of u- and ω′-differential cross
sections at ξ > 1 [16, 17]. A prominent example is ex-
hibited in Fig. 1 of [41] for ξ = 0.4. The ω′-differential
cross section displays a clear step-like shape evidencing
the first four harmonics. In each harmonic, n − 1 addi-
tional photons must simultaneously interact to provide
the required energy ω′. Similar to BW, the steps are not
sharp.
Here, we attempt another access to C multi-photon
effects in some analogy with (1). First we note the struc-
3ture of the out photon polar angle-differential cross sec-
tion as dσC/d cos θ′ =
∑∞
n=1 dσ
C
n /d cos θ
′. The harmon-
ics dσCn /d cos θ
′ have supports at the discrete frequen-
cies ω′n = ω
′(n, cos θ′), i.e. at fixed cos θ′ one finds se-
ries of peaks at ω′n with strengths dσ
C
n /d cos θ
′. Sam-
pling only the strengths at ω′n ≥ ω′nˆ one gets rid of the
harmonics n < nˆ. This is the analogy to the chan-
nel closing effect in BW. Doing this procedure for all
polar angles and summing them up yields a truncated
total cross section σC(nˆ). At fixed cos θ′, one may
choose the variable κ = ωnˆ/ω1 > 1 instead of nˆ, i.e.
dσC(nˆ)/d cos θ′ =
∑∞
n=nˆ dσ
C
n /d cos θ
′ → dσC(κ)/d cos θ′,
and equivalently σC(κ). Here may be a problem, since
κ(cos θ′), and the procedure is not as clear. Inspired by
these facts on multi-photon effects we are going to extend
the analyses to laser pulses.
Below we focus on intense optic lasers with pulse power
1016 · · · 1020 W/cm2 as well as short and very short laser
pulses with a small or very small number of field oscil-
lations. Considering both the total cross sections and
the azimuthal angle distributions of the outgoing parti-
cles we identify observables sensitive to the initial pulse
polarization with taking into account a finite carrier en-
velope phase φCEP . The aim of present study is to
give a comparative sequential analysis of two elementary
quantum processes in a coherent electromagnetic (e.m.)
field (i.e. laser pulse) with linear and circular polariza-
tions in the non-asymptotic region attainable on existing
laser facilities.
Our paper is organized as follows. In Sect. II we dis-
cuss the laser field model. The non-linear Breit-Wheeler
process and the generalized Compton scattering is ana-
lyzed in Sects. III and IV, respectively. Our summary is
given in Sect. V.
II. THE LASER FIELD MODEL
Below we suppose the external electric field (laser
pulse) is determined by the electromagnetic (e.m.) four-
potential in the axial gauge Ai = (0,Ai) as Ei =
−∂Ai/∂t, where the label i = 0 or 1 corresponds to the
linear (lin) or circular (circ) polarizations, respectively:
A(i)(φ) = f(φ) [a1 cos(φ + φCEP )
+ δi1 a2 sin(φ+ φCEP )
]
, (5)
where δij is the Kronecker delta. Thus, A(0) ≡ A(lin)
and A(1) ≡ A(circ). The quantity φ = k · x is the in-
variant phase with four-wave vector k = (ω,k), obeying
the null field property k2 = k · k = 0 implying ω = |k|,
a(1,2) ≡ a(x,y); |ax|2 = |ay |2 = a2, axay = 0; transversal-
ity means kax,y = 0 in the present gauge. For the sake
of definiteness, the envelope function f(φ) is chosen as
hyperbolic secant:
f(φ) =
1
cosh φ∆
. (6)
The dimensionless quantity ∆ is related to the pulse du-
ration 2∆ = 2πN , where N has the meaning of the num-
ber of cycles in the pulse. It is related to the time du-
ration of the pulse τ = 2N/ω. N < 1 means sub-cycle
pulses.
The quantity φCEP is the carrier envelope phase
(CEP). The interplay of CEP and the azimuthal angle
of outgoing electron is important and will be the subject
of detailed considerations below.
For convenience, we recollect the relation between ξ2 =
e2a2/m2 and the average laser pulse intensity 〈IL〉 for
circularly/linearly polarized pulses [30]
ξ2 =
N
N
(i)
0
5.62 · 10−19
ω2
[eV2]
〈IL〉[ W
cm2
]. (7)
The normalization factors N
(i)
0 are related to the average
density of the e.m. field 〈E〉 and are expressed through
the envelope functions as
N
(lin)
0 =
1
2π
∞∫
−∞
dφ
(
f2(φ) + f ′
2
(φ)
)
cos2 φ,
N
(circ)
0 =
1
2π
∞∫
−∞
dφ
(
f2(φ) + f ′
2
(φ)
)
(8)
with the asymptotic values at ∆/π ≫ 1: N (circ)0 ≃ ∆/π,
and N
(lin)
0 ≃ ∆/2π.
We use natural units with c = ~ = 1, e2/4π = α ≈
1/137.036.
III. NON-LINEAR BREIT-WHEELER PROCESS
A. Cross sections
As mentioned above, we are going to consider essen-
tially multi-photon events, where a finite number of laser
photons is involved in the e+e− pair production. This
allows for the sub-threshold e+e− pair production with
s < sthr or ζ > 1. In the following, we analyze the depen-
dence of cross sections on ζ and on the e.m. field intensity
which is described by the reduced field intensity parame-
ter ξ2. We will also analyze the differential cross sections
as a function azimuthal angle of the outgoing electron (or
positron) for different values φCEP . In all cases we pro-
vide a direct comparison of results for linear and circular
pulse polarizations.
The differential cross sections read
dσ(i)
dφe
=
α2 ζ
4m2ξ2N
(i)
0
∞∫
ζ
dℓ v(ℓ)
1∫
−1
d cos θew
(i)(ℓ) . (9)
The azimuthal angle of the outgoing electron, φe, is de-
fined as cosφe = axpe/a|pe|. It is related to the az-
imuthal angle of the positron by φe+ = φe + π. Further-
more, θe is the polar angle of the outgoing electron, v
4is the electron (positron) velocity in the center of mass
system (c.m.s.).
The lower limit of the integral over the variable ℓ is
the threshold parameter ζ. The region of ζ < 1 cor-
responds to the above-threshold e+e− pair production,
while the region of ζ > 1 is for the sub-threshold pair
production enabled by multi-photon and bandwidth ef-
fects. We keep our notation of [29] and denote four-
vectors k(ω,k), k′(ω′,k′), p(E,p) and p′(E′,p′) as the
four-momenta of the background (laser) field (5), incom-
ing probe photon, outgoing positron and outgoing elec-
tron, respectively. The important variables s, v and u
are determined by s = 2k · k′ = 2(ω′ω − k′k) (with
k′k = −ω′ω for head-on geometry), v2 = (ℓs− 4m2)/ℓs,
u ≡ (k′ · k)2/ (4(k · p)(k · p′)) = 1/(1− v2 cos2 θe).
1. Linear polarization
The partial probability w(lin)(ℓ) in Eq. (9) reads
1
2
w(lin)(ℓ) = (2uℓ + 1)|A˜0(ℓ)|2
−2zuℓζ cosφeRe[A˜0(ℓ)A˜∗1(ℓ)]
+ ξ2Re[A˜0(ℓ)A˜
∗
2(ℓ)] + ξ
2(2u− 1)|A˜1(ℓ)|2 , (10)
where uℓ = umax = ℓ/ζ and
A˜m(ℓ) =
1
2π
∞∫
−∞
dφ cosm(φ+ φ˜) eiℓφ−iP
(lin)(φ) (11)
with
P(lin)(φ) = α˜(φ)− β˜(φ) , (12)
α˜(φ) = α
φ∫
−∞
dφ′f(φ′) cos(φ′ + φCEP ) , (13)
β˜(φ) = 4β
φ∫
−∞
dφ′f2(φ′) cos2(φ′ + φCEP )
α = z cosφe, β =
uℓξ2
4uℓ
. (14)
The integrand of the function A˜0(ℓ) in Eq. (11) does
not contain the envelope function f(φ) and therefore it
is divergent. One can regularize it using the prescription
of [12] which leads to
A˜0(ℓ) =
1
2πℓ
∞∫
−∞
dφf(φ) eiℓφ−iP
(lin)(φ) cos(φ+ φCEP )
× (α− 4βf(φ) cos(φ+ φCEP )) . (15)
This equation results in the identity
ℓA˜0(ℓ)− αA˜1(ℓ) + 4βA˜2(ℓ) = 0 (16)
and allows to express the partial probability in the form
1
2
w(ℓ)(lin) = |A˜0(ℓ)|2 + ξ2(2u− 1)
×
(
|A˜1(ℓ)|2 − Re[A˜0(ℓ)A˜2(ℓ)]
)
, (17)
which resembles the expression for the probability in the
IPA case, i.e. a monochromatic background field [2]
1
2
w(lin)n = A
2
0 + ξ
2(2u− 1) (A21 −A0A2) , (18)
by replacing the basic functions A˜m(ℓ) → Am ≡
Am(nαβ) determined as
Am(nαβ) =
1
2π
π∫
−π
dφ cosm(φ) einφ−iα sinφ+iβ sin 2φ (19)
with β = β/(1 + ξ2/2) and z = z/(1 + ξ2/2), as well as
with obvious substitutions φCEP = 0, ℓ → n,
∫
ζ
dℓ →∑
n=nmin
(see below for further details).
2. Circular polarization
As mentioned above, the non-linear BW process in a
circularly polarized short laser pulse was considered in
some details in Refs. [27–30]. For convenience and easily
reference we provide the main expressions of these stud-
ies. The partial probabilities are expressed through basic
functions Yℓ, Xℓ
w(circ)(ℓ) = 2|Y˜ℓ(z)|2 + ξ2(2u− 1)
×
(
|Yℓ−1(z)|2 + |Yℓ+1(z)|2 − 2Re (Y˜ℓ(z)X∗ℓ (z))
)
(20)
with
Yℓ(z) =
1
2π
e−iℓ(φe−φCEP )
∞∫
−∞
dφ f(φ) eiℓφ−iP
(circ)(φ) ,
Xℓ(z) =
1
2π
e−iℓ(φe−φCEP )
∞∫
−∞
dφ f2(φ) eiℓφ−iP
(circ)(φ) ,
Y˜ℓ(z) =
z
2l
(Yℓ+1(z) + Yℓ−1(z))− ξ2 u
ul
Xℓ(z) , (21)
where uℓ ≡ ℓ/ζ and
P(circ)(φ) = z
φ∫
−∞
dφ′ cos(φ′ − φe + φCEP )f(φ′)
− ξ2 ℓu
uℓ
φ∫
−∞
dφ′ f2(φ′) . (22)
5Equation (20) recovers the known expression for the
partial probability in the IPA case [2]
w(circ)n = 2J
2
n(z
′) + ξ2(2u− 1)×(
J2n−1(z
′) + J2n+1(z
′)− 2J2n(z′)
)
(23)
with the substitutions ℓ → n, |Y˜ℓ(z)|2 → J2n(z′),
|Yℓ±1(z)|2 → J2n±1(z′), Re (Y˜ℓ(z)X∗ℓ (z)) → J2n(z′),
and z′ = (2nξ)/(1 + ξ2)1/2
√
u/un (1− u/un) with
un = n(k · k′)/2m2∗.
3. IPA cross sections
The cross sections for the IPA as a function of s =
4m2/ζ are an infinite sum of integer harmonics (cf.
Eq. (1))
σi(s) =
α2 ζ
4m2ξ2N
(i)
0
×
∞∑
n=nmin
2π∫
0
dφe
un∫
1
du
u3/2
√
u− 1 w
(i)
n (24)
with N
(lin)
0 = 1/2 and N
(circ)
0 = 1, and the partial
harmonics w(i) are determined by Eqs. (18) and (23),
respectively. The minimum number n is determined
by the step function in Eq. (1) through integer part
(Int) of ζ = 4m2∗/s: nmin = Int(ζ) if Int(ζ) = ζ and
nmin = Int(ζ) + 1 if Int(ζ) < ζ. So, for example, for the
above-threshold process with ζ < 1, one has nmin = 1.
B. Numerical results
The dependence of the cross sections on the dynamic
variables ξ2, ζ, u, angles φe′ for the circular and linear
polarizations is determined by the properties of the basic
functions Yℓ, Xℓ and A˜m(ℓ), respectively. This depen-
dence is different for the two polarizations and manifests
itself in both total and differential cross sections.
1. Total cross sections
The total cross sections as a function sub-threshold pa-
rameter ζ for ξ2 = 10−4, 10−2 and 10−1 are exhibited in
Fig. 2 in the upper, middle and lower panels, respectively.
The left and right panels in Fig. 2 correspond to the
circular and linear polarizations, respectively. The red
dashed and blue thick solid curves correspond to ultra-
short and short pulses with the number of oscillations in a
pulse N = 1/2 and 2, respectively. The thin solid curves
marked by dots are for the IPA case (24), i.e. monochro-
matic laser background field. In both circular and linear
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FIG. 2: (Color online) The total cross sections of the non-
linear Breit-Wheeler e+e− pair production as a function of the
sub-threshold parameter ζ for ξ2 = 10−4 (top), 10−2 (middle)
and 10−1 (bottom). The left and right columns correspond to
the circ and lin polarizations, respectively. The red dashed
and blue solid curves are for ultra-short and short pulses with
number of cycles N = 1/2 and 2, respectively. The thin solid
curves marked by dots are for the IPA case.
polarizations, the theoretical model yields a step-like be-
havior for IPA, where each new step with ζ close to its
integer valuer nζ corresponds to opening a channel with
a number of participating photons exceeding nζ in accor-
dance with Eq. (24).
For finite pulses with N & 2, one can see a flattening of
the step-like behavior, and qualitatively they are similar
to each other for both polarizations. In case of sub-cycle
pulse with N = 1/2 the cross sections are greatly en-
hanced and they are completely smooth. No qualitative
difference of linear and circular polarizations is recogniz-
able.
The cross sections decrease almost exponentially with
increasing ζ: σ(i) ∝ exp[−b(i) ζ], where the slopes b(i) de-
pend on the pulse duration and field intensity ξ2. Thus,
it increases with increasing pulse duration (or N), and
increases with increasing ξ. Such exponential behavior
resembles the probability of the Breit-Wheeler process in
the asymptotic limit ξ2 ≫ 1 and ζ & 2ξ3 [2, 28]
σ
(BW)
A ∼
1
ξ
exp[−bAζ] , (25)
610-2 10-1 100 101 102
1/ξ
0
3
6
9
12
bB
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BW (circ))
bA
N=1/2
FIG. 3: (Color online) Comparison of the slopes of the expo-
nential dependence of the cross sections σ(circ)(ζ) as a func-
tion of 1/ξ. The symbols + and × are for N = 1/2 and 2,
respectively; the thick solid curve corresponds to the asymp-
totic value (26).
where
bA =
4
3ξ
(
1− 1
15ξ2
)
. (26)
Despite the fact that the values of ξ and ζ used in the
present numerical calculations are far from their asymp-
totic values, we nevertheless compare for completeness
in Fig. 3 the slopes obtained in our numerical calculation
with their asymptotic values. The symbols + and × are
for the pulses with N = 1/2 and 2, respectively, the thick
solid curve corresponds to the asymptotic value given by
Eq. (26). One can see a clear tendency of convergence
of the numerical values of the slopes to their asymptotic
limit.
In the asymptotic limit, the probability of e+e− cre-
ation for the circular polarization is greater by the factor
(2πζ/3ξ)
3/2
compared to the case of the linear polariza-
tion [2]. Our numerical calculation with ξ < 1 is far from
the asymptotic regime and results in the same order of
magnitude of the e+e− production cross sections for cir-
cular and linear polarizations.
2. Azimuthal angle distributions
The dependence of the differential cross sections on the
azimuthal angle of the outgoing electron φe for linear and
circular polarizations is mainly determined by the phase
factors exp[−i(ℓφ − P(i)(φ))] in Eqs. (11) and (21), re-
spectively. The case of circular polarization is considered
in detail in [29], and therefore, below we discuss this case
briefly only for completeness.
First of all note that, in case of a circularly polarized
pulse, the differential cross section in IPA does not de-
pend on φe: it is constant and equal to σ
(circ)
tot /2π. In
case of the linear polarization in IPA, the dependence
of dσ(lin)/dφe on φe exhibits an non-monotonic behavior
with maxima and minima. The shape of azimuthal angle
distributions is shown in Fig. 4, where the correspond-
ing cross sections, normalized to their maximum value at
φe = 0, are exhibited. The left and right panels corre-
spond to different values of e.m. field strengths ξ2 and
sub-threshold parameters ζ, respectively.
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FIG. 4: (Color online) The differential cross sections
dσ(lin)/dφe normalized to their maximum value at φe = 0.
The left and right panes are for different values of ξ2 and ζ,
respectively, according to the legend. For lin polarization and
IPA.
Qualitatively, the reason of such a behavior is the fol-
lowing. The main dependence of the basic functions
Am(nαβ) in (19) on α = z cosφe is determined by the
oscillating factor in the exponent
A(n) ∼ 1
2π
π∫
−π
dφeinφ−iz cosφe sin(φ)+β sin(2φ)
∝
∑
k
(−z cosφe′)k
2k!
π∫
−π
dφeinφ
(
eiφ − e−iφ)k . (27)
The dominant contribution to the sum comes from the
term with k = n, where n = nmin = Int(ζ) ≥ 1. Since
the differential cross section is a quadratic form of A(n),
one can estimate
dσ(lin)
dφe
∝ cos2nmin φe , (28)
which leads to maxima at the points φe = 0, π, and 2π
and minima at φe = π/4 and 3π/4. This is in agreement
with full numerical result shown in Fig. 4. The qualita-
tive estimate (28) describes the exact numerical result in
case of ξ2 ≪ 1 and ζ ∼ 1 pretty well.
The differential cross sections for FPA and φCEP = 0
are exhibited in Fig. 5. In order to emphasis the shape of
the distribution we present azimuthal angle distributions
of the outgoing electron dσ(lin)/dφe normalized again to
their maximum value at φe = 0.
The results for a sub-cycle pulse with N = 1/2 for dif-
ferent values of ζ are exhibited in the left panel. One
can see a strong enhancement of the cross sections at
φe = 0, 2π and some decrease of them when φe tends to
π. Qualitatively, this is due to the fact that the oscil-
lating factor in the basic functions A(ℓ) (cf. Eq. (19)) is
proportional to the exponent
ei(l−z cosφe f(0))φ , (29)
with lowest oscillations and maximum contributions to
the differential cross sections just at φe = 0, 2π.
The right panel of Fig. 5 illustrates the evolution of the
differential cross sections with increasing pulse duration
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FIG. 5: (Color online) The differential cross sections
dσ(lin)/dφe normalized to their maximum value at φe = 0
for ξ2 = 10−2. The left and right panels are for different val-
ues of ζ for N = 1/2 and for different values of N for ζ = 3,
respectively. For lin polarization for FPA and φCEP = 0.
(or N). The result for N = 2 is close to that for the IPA
case (cf. Fig. 4).
The interplay of the azimuthal angle of the outgoing
electron φe and the envelope carrier phase φCEP is in-
teresting and important. Thus, an analysis of the corre-
sponding angular distribution can serve as a method for
the φCEP determination [29]. Our results for both circu-
lar and linear polarizations are exhibited in Fig. 6 in the
left and right panels, respectively. The calculations are
done for different pulse durations at fixed ξ2 = 10−2 and
ζ = 3.
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FIG. 6: (Color online) The differential cross sections dσ/dφe
as a function of φe for different values of φCEP for ζ = 3
at ξ2 = 0.01. The left and right panels are for circ and
lin polarizations, respectively. The top, middle and bottom
panels are for N = 0.5, 1 and 2, respectively.
In the case of the circular polarization, one can see
a clear bump-like structure of the cross sections. The
bump position coincides with the corresponding value of
the carrier phase. In ultrashort pulses, the relative height
of the bumps can reach an order of magnitude. Follow-
ing [29] the reason of such behavior is explained by the
fact that the basic functions Yℓ and Xℓ are determined by
the integral over dφ with a rapidly oscillating exponential
function exp[iΨ] with
Ψ = ℓφ − z cos(φe − φCEP )
φ∫
−∞
dφ′ f(φ′) cosφ′
− z sin(φe − φCEP )
φ∫
−∞
dφ′ f(φ′) sinφ′. (30)
Then, taking into account the inequality for φ > 0
φ∫
−∞
dφ′ f(φ′) cosφ′ ≫
φ∫
−∞
dφ′ f(φ′) sinφ′ , (31)
one can conclude that the main contribution to the prob-
ability comes from the region φe ≃ φCEP , which is con-
firmed by the result of our full calculation shown in Fig. 6
(left panels). The effect of the carrier phase decreases
with increasing pulse duration, and for N ≥ 2 it becomes
small, where the relative height of the bumps is about 1.2
and the cross sections become close to the constant value
σ(circ)/2π.
The azimuthal angle distributions in the case of linear
polarization are exhibited in the right panels of Fig. 6.
The effect of the finite φCEP is most pronounced for sub-
cycle pulses (cf. top right panel in Fig. 6). Similar to
IPA, the cross sections have a bump at φe = π. But
now, the height of the bump depends on φCEP . It has
a maximum at φCEP = π and becomes negligible when
φCEP = 0. This is explained by the fact that the oscilla-
tion factor (29) is modified as
ei(l−z cosφe cosφCEP f(0))φ , (32)
where φ = k · x is invariant phase. This factor results
in minimal oscillations in the basic functions A˜ℓ or maxi-
mum values of cross sections for the combinations φe = 0,
φCEP = 0, and φe = π, φCEP = π. Similar to the cir-
cular polarization, the effect of φCEP decreases with in-
creasing pulse duration (or N) and at N & 2 becomes
insignificant.
IV. NON-LINEAR COMPTON SCATTERING
The Compton scattering, symbolically e−+L→ e−′+
γ′ is considered here as the spontaneous emission of one
photon off an electron in the external e.m. field (5). As
mentioned the introduction, the non-linear Compton pro-
cess is the Furry picture process e−L → e−L ′+γ′. Below we
8use standard notations and definitions for Compton pro-
cess: The four-momenta of the incoming electron, back-
ground (laser) field (5), outgoing electron and photon are
p(E,p), k(ω,k), p′(E′,p′), k′(ω′,k′), respectively. The
variables cos θ′ and φe′ are the polar and azimuthal an-
gles of the outgoing photon and the outgoing electron,
respectively [19, 29].
A. Basic equations
Consider first, mainly for methodical purposes, the
Compton scattering in IPA. The total cross section in
standard notations is expressed as an infinite sum of in-
teger harmonics (cf. Eq. (3))
σ(i) =
α2
ξ2(p · k)N (i)0
×
∞∑
n=1
2π∫
0
dφe′
un∫
0
du
(1 + u)2
w(i)n , (33)
whereN
(i)
0 are defined in Eq. (24), and un = 2n(p·k)/m2∗.
The physical meaning of each n is related to the number
of photons of the laser beam involved in the process with
formation of a photon with the frequency ω′. The prod-
uct nω is the energy of the background field involved
into the process. The partial probabilities (harmonics)
in Eq. (33) for lin and circ polarizations read
1
2
w(lin)n = −A20 + ξ2
(
1 +
u2
2(1 + u)
)(
A21 −A0A2
)
,(34)
and
w(circ)n = −2J2n + ξ2
(
1 +
u2
2(1 + u)
)
× (J2n−1 + J2n+1 − 2J2n) , (35)
where the notations are the same as in Sect. III (see
Eqs. (18) and (23) for details). Naturally, in the case
of IPA one has to use kinematics, conservation laws and
dynamical variables u, z for dressed fermions [2].
Now let us discuss whether it is possible to select essen-
tially multi-photon processes with n > 1 from the infinite
sum (33) and in what way. For further qualitative con-
siderations it is convenient to express the cross sections
(33) in an equivalent but slightly different form
σ(i) =
∞∑
n=1
1∫
−1
d cos θ′
dσ
(i)
n
d cos θ′
, (36)
where dσ
(i)
n /d cos θ′ is the differential cross section for
each separate harmonic
dσ
(i)
n
d cos θ′
=
α2
ξ2(p · k)N (i)0
Fn
2π∫
0
dφe′ w
(i)
n (37)
with Fn = ω
′
n
2
/n(p · k).
The frequency of an outgoing photon emitted at polar
angle θ′ in case of IPA for the nˆth harmonic reads
ω′nˆ =
nˆ ω(E + |p|)
E + |p| cos θ′ + ω(nˆ+ ξ2m22λ(k·p) )(1 − cos θ′)
, (38)
where λ = 1 or 2 for circ or lin polarizations, respec-
tively. Such nˆ − θ′ dependence allows to suggest the
following method of extraction essentially multi-photon
events with n ≥ nmin = nˆ from experiment. For that,
one has to install a photon detector at fixed polar an-
gle θ′ and register only such photons with frequencies
ω′ ≥ ω′nˆ. A preferred photon detecting angle is in the
backward hemisphere around of θ ≃ θ′0 = 175o, where
the cross section of the Compton scattering of n initial
photons in the beam has a maximum for the particular
kinematic situation.
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FIG. 7: (Color online) The differential cross sections for the
individual harmonics (cf. Eq. (37)) with n = 1 · · · 5 (according
to legend) and ξ2 = 10−1. The crosses are for the Klein-
Nishina cross section. The left and right panels are for circ
and lin polarizations, respectively. The electron energy and
the frequency of the photon beam (in lab. system) are 4 MeV
and 1.55 eV, respectively.
To illustrate this, Fig. 7 shows the differential cross
sections for the individual harmonics (37) with n = 1 · · · 5
and ξ2 = 10−1. The left and right panels are for circularly
and linearly polarized beams, respectively. The initial
electron energy and the frequency of the photon beam
(in lab. system) are 4 MeV and 1.55 eV, respectively.
The crosses are for the Klein-Nishina result [40]. One
can see that harmonic with n = 1 and ξ2 ≤ 0.1 fairly
well reproduces the Klein-Nishina cross section for γ +
e → γ′ + e′ process. In case of multi-photon processes
with n > 1 calculation predicts a strong bumps in the
cross sections around θ′ ≃ 175o. Therefore, this angle in
backward hemisphere seems to be preferable to study the
multi-photon processes.
For the finite pulse, similar to the BW process, the
truncated total cross section is determined by the integral
of the partial contributions
σ(i)(κ) =
∞∫
κ
dℓ
xmax∫
xmin
dx
2π∫
0
dφe′
dσ
(i)
ℓ
dφe′dx
, (39)
where the auxiliary continues variable ℓ appears (sim-
ilarly to the variable ℓ in the BW process) in the
9Fourier integral of the corresponding transition matrix
elements [19]. The product ℓω has a meaning of an en-
ergy fraction of the laser beam involved in the non-linear
C process. Without losing generality, the lower limit of
integral κ ≡ ℓmin is chosen as a dynamical parameter. Its
physical meaning will be discussed later. The variable x
can be chosen in several ways. The most familiar choice
is the Ritus variable x ≡ u = (k·k′)/(k·p′) with xmin = 0,
xmax = uℓ = 2ℓ(k · p)/m2. In this case, the differential
cross section reads
dσ
(i)
ℓ
dφe′du
=
α2
ξ2(p · k)N (i)0
1
(1 + u)2
w(i)(ℓ), (40)
where the flux factors N
(i)
0 are defined in Eq. (8). The
partial probabilities w(i) read
1
2
w(lin)(ℓ) = −|A˜0(ℓ)|2 + ξ2
(
1 +
u2
2(1 + u)
)
×
(
|A˜1(ℓ)|2 − ReA˜0(ℓ)A˜2(ℓ)
)
, (41)
w(circ)(ℓ) = −2|Y˜ℓ(z)|+ ξ2
(
1 +
u2
2(1 + u)
)
×(
|Yℓ−1(z)|2 + |Yℓ+1(z)|2 − 2Re (Y˜ℓ(z)X∗ℓ (z))
)
.(42)
The basic functions A˜(ℓ), and Yℓ, Xℓ and Y˜ℓ(z) are de-
fined in Eqs. (11) and (21), respectively. For the dy-
namical variable z we use the standard definitions: z =
2ℓξ ((u/uℓ)(1 − u/uℓ))1/2. The partial probabilities w(i)
resemble the corresponding expressions in the IPA (cf.
Eqs. (34) and (35)).
Note that Eq. (39) is a five-dimensional integral, since
the basis functions A˜(ℓ), and Yℓ, Xℓ, Y˜ℓ in the partial
probabilities wℓ are two-dimensional integrals. There-
fore, in numerical calculations it is much more convenient
to take integral in Eq. (39) with fixed limits of integra-
tion, which is also convenient for our subsequent qual-
itative analysis. The corresponding expression for the
truncated total cross section reads
σ(i)(κ) =
∞∫
κ
dℓ
1∫
−1
d cos θ′
dσ
(i)
ℓ
d cos θ′
, (43)
where the differential cross section is
dσ
(i)
ℓ
d cos θ′
=
α2
ξ2(p · k)N (i)0
F (ℓ, cos θ′)
2π∫
0
dφe′ w
(i)(ℓ) (44)
with
F (ℓ, cos θ′) =
ω′
2
ℓω(E + |p|) , (45)
where the frequency ω′ of the emitted photon is related
to the variable ℓ and the polar angle θ′ of the direction
of the momentum k′ thought the conservation laws as
ω′ ≡ ω′ℓ =
ℓ ω(E + |p|)
E + |p| cos θ′ + ℓω(1− cos θ′) . (46)
Integrating Eq. (43), we express first the variable u in
partial probabilities through cos θ′ in c.m.s. (cos θ′c) as
u = ωc(1−cos θ′c)/(Ec+ωc cos θ′c) with ωc = ℓ(p ·k)/2
√
s,
Ec = (s+m
2)/2
√
s and then express cos θ′c via cos θ
′ in
the lab. system as cos θ′c = (v− cos θ′)/(v cos θ′− 1) with
v = −(|p| − ℓω)/(E + ℓω).
Often, the analysis of non-linear C process is con-
strained entirely to the energy (ω′) and angular (θ′ and
φ′) distributions of the outgoing photon. Our approach
here allows for an easy access to the polar photon angle
θ′ and the azimuthal final-state electron angle φe′ . Such
a mixed phase space distribution is to be contrasted to
analyses which focus entirely on the kinematics of the
outgoing electron [42].
Let us now discuss the physical meaning of the dy-
namic parameter κ. As mentioned above, the product
ℓω has the meaning of the pulse energy involved into the
process. The multi-photon regime refers to ℓ > 1. Since
in our definition ℓmin = κ, then the cross section σ(κ)
with κ > 1 corresponds to the multi-photon Compton
processes. This is the physical meaning of κ > 1 as a
value reflecting the onset of multi-photon dynamics [19].
It can be also understood on a qualitative level from an-
other point of view. Let us denote the frequency of the
outgoing photon at θ′ = θ′0 as ω˜
′ ≡ ω˜′ℓ=κ, where ω˜′ℓ is
determined by Eq. (46) with ℓ = κ and θ′ = θ′0 (note
that, for continuous ℓ, the cross section (44) has also a
maximum at θ′ ≈ θ′0 = 175o). This frequency can be rep-
resented through the frequency of the photon ω˜′1 emitted
in the interaction of an initial electron with a single pho-
ton from the pulse at the same angle via
ω˜′1 =
ω(E + |p|)
E + |p| cos θ′0 + ω(1− cos θ′0)
, (47)
namely
ω˜′ = ω˜′1
κ
1 + δ(κ− 1) , (48)
where
δ = ε
1− cos θ′0
1 + ve cos θ′0 + ε(1− cos θ′0)
(49)
with ε = ω/E and ve = |p|/E. For the chosen kinemat-
ics, ε ≃ 3.85× 10−7 and δ ≃ 6.46× 10−5, which leads to
an approximate equality
ω˜′ ∼= κω˜′1, (50)
that holds with an accuracy of (0.65 · · · 3.9) × 10−4 for
κ = 2 · · · 7. Thus, the parameter κ receives the meaning
of the ratio κ ∼= ω˜′/ω˜′1 (in the chosen kinematics, ω˜′1 =
10
0.258 keV). The variable ω˜′ may also be used for the
analysis of the truncated total cross section as
σ(i)(ω˜′) =
∞∫
ω˜′
dω˜′ℓ
dℓ
dω˜′ℓ
1∫
−1
d cos θ′
dσ
(i)
ℓ
d cos θ′
(51)
with
dℓ
dω˜′ℓ
=
1
ω˜1
1− δ
(1− δ ω˜′ℓω˜′1 )2
≃ 1
ω˜1
. (52)
The multi-photon regime starts for ω˜′ > ω˜′1 (κ > 1). It
is naturally so that the representation of cross sections
and other observables in terms of ω˜′ or κ are equiva-
lent, in particular σ(i)(ω˜′) = σ(i)(κ). However, the latter
one seems to be more attractive because in case of (51)
one needs to introduce some dimension parameter ω˜′1 (or
something like that) to bind the dimensionless variable
ℓ and dimensional variable ω′ℓ which depends on initial
kinematics, the choice of θ′0 etc. From this point of view,
the representation (43) is more preferable being scale in-
variant. Therefore, in our subsequent analysis we use
this representation remembering the approximate equal-
ity (50) for interpretation of physical meaning of κ on a
qualitative level.
Similar to IPA, in order to isolate multi-photon events,
one has to install a detector at fixed polar angle θ′ and
register only such photons with the frequencies higher
than ω′κ (or ω
′ ≥ ω′κ) with κ > 1. Again, a preferred
angle of detection is in backward hemisphere around θ′ ≃
175o, where, similar to IPA, the cross section is greatly
enhanced for the kinematics employed in Fig. 7.
Taking into account the similarity of Eqs. (38) and
(46) for relativistic initial electron with energy ≥ few
MeV and moderate ξ2 < 1, in our subsequent analysis of
IPA and the comparison of results of IPA and FPA it is
reasonable to associate the minimum numbers nmin = nˆ
in IPA with the minimal number of the integer part of ℓ
equal to integer parts of κ in FPA.
Remind that the cross sections exhibited in Fig. 7 are
integrated over the azimuthal angle φe′ . This means that
a selection of multi-photon events would be performed
as a sum of events in the interval 0 ≥ φe′ ≥ π with
an appropriate step (where we assume the symmetry of
azimuthal angle distribution with respect to the substi-
tution φe′ → 2π − φe′). Technically, a corresponding
measurement seems to be quite feasible, especially since
our subsequent study implies exactly the same analysis
of azimuthal angle distributions. However, taking into
account that in both IPA and FPA the frequencies of
outgoing photons ω′n(n, cos θ
′) and ω′κ(κ, cos θ
′), respec-
tively, are independent of φe′ , the conclusion about the
physical meaning of nˆ > 1 or κ > 1 as a suitable start-
ing point of switching on the corresponding multi-photon
regime remains fair. On the other hand, the favorable in-
tervals for the study of the azimuthal angle distribution
may be understood from our analysis of the correspond-
ing azimuthal angle distributions given below in subsec-
tion 2. For IPA and circ polarization the problem is
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FIG. 8: (Color online) The truncated cross sections σ(κ) as a
function of the parameter κ at ξ2 = 10−4 (top), 10−2 (middle)
and 10−1 (bottom). The left and right columns correspond to
the circ and lin polarizations, respectively. The dashed and
thick solid curves are for ultra-short and short pulses with the
number of cycles N = 1/2 and 2, respectively. The crosses are
for the IPA. The minimal values of corresponding harmonics
are chosen as integer parts of κ.
simplified since the azimuthal angle distribution in this
case is isotropic.
Finally note that the dominant contribution to the sum
in Eq. (33) at ξ2 < 1 comes from the first term starting
from n = nmin. Each subsequent term is suppressed by
the factor of ξ2. However, for completeness, calculating
the truncated total cross sections we take into account
all terms at n ≤ nmax = 10nmin. For the differential
cross sections dσ
(i)
n /dφe′ , in some cases for methodical
purposes, we also analyze the contributions of separate
harmonics with fixed n.
B. Numerical results
The dependence of the cross sections of non-linear C
process on the variables ℓ, z u and the e.m. field strength
ξ2 for lin and circ polarizations is realized through the
basis functions A˜m(ℓ) and Yℓ, Xℓ, respectively and, in
general, is different for these two cases, both for the trun-
cated total cross sections and for the differential distri-
butions.
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FIG. 9: (Color online) The differential cross sections
dσ
(lin)
n /dφe′ in IPA. The left and right panes correspond
to calculations for various values of harmonic number n at
ξ2 = 10−2 and for various values of ξ2 at n = 3, respectively.
1. Truncated total cross section
The truncated total cross sections as a function of the
threshold parameter κ at e.m. field strength parameters
ξ2 = 10−4, 10−2 and 10−1 are shown in Fig. 8 in the
upper middle and lower panels, respectively. The left
and right panels correspond to the circular and linear
polarizations, respectively. Remembering that the multi-
photon regime arises at κ > 1, for completeness we ex-
tend our consideration to smaller κ ≥ 0.5 and nmin ≥ 1.
The dashed and thick solid curves correspond to the
ultra-short and short pulses with the number of oscil-
lations N = 1/2 and 2, respectively. The crosses are for
the IPA. The values of corresponding minimal number of
harmonics nmin in Eq. (33) are chosen as integer parts of
κ as discussed in the previous subsection. At κ ≈ 1 where
only one photon of the pulse participates, the results of
all calculations are very close to each other. The cross
sections decreases when κ increases. In case of N = 2,
the shape of the curves resembles the step-like behavior.
For sub-cycle pulse with N = 1/2 the cross sections de-
creases exponentially with κ, σ˜ ∼ exp[−b(i)κ]. The slope
b depends on the field intensity and, in general, on initial
polarization. In case of linear polarization the slope b(lin)
as a rule, is larger.
2. Azimuthal angle distributions
Analog to BW the shape of the differential cross sec-
tions as a function of azimuthal angle φe′ of non-linear
C scattering for linear and circular polarizations is deter-
mined mainly by the phase factors P(i) in Eqs. (12) and
(22), respectively. Again, for a monochromatic circularly
polarized beam (IPA case), the differential cross section
does not depend on φe′ .
In the case of linear polarization, the azimuthal angle
distribution shown in Fig. 9 exhibits a non-monotonic
behavior with pronounced minima at φe′ = 0, π and 2π,
some deepening at φe′ = π/2, 3π/2 and bumps at φe′ =
π/4, 3π/4, 5π/4 and 7π/4. The left and right panels of
Fig. 9 correspond to calculations for different numbers
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FIG. 10: (Color online) The differential cross sections of the
C process in IPA for the harmonic n = 2 and ξ2 = 10−2
together with the separate contributions of the first (I(−))
and second II(+) terms in the partial probability (34). The
thick solid curve is for coherent sum of both contributions.
n of harmonics at ξ2 = 10−2 and different values of ξ2
at n = 3, respectively. All cross sections are symmetric
under the transformation dsigman(φe′ )→ dσn(2π−φe′ ).
The reason of the non-monotonic shape of distribu-
tions is the destructive interference of the first and sec-
ond terms in the partial probability in Eq. (34). Thus,
Fig. 10 exhibits the differential cross section of the non-
linear C process at n = 2 and ξ2 = 10−2 together with
separate contributions of the first (I) and second (II)
terms in the partial probability in Eq. (34). One can see
that, at points at φ′e = 0, π and 2π, the absolute values
of (I) and (II) are close to each other and being oppo-
site in sign they mutually compensate each other. At the
points φ′e = π/4, 3π/4, 5π/4 and 7π/4, the contribution
of the first term is negligible which leads to certain local
maxima. At the points φ′e = π/2 and 3π/2, one can also
observe some local compensation of the two terms which
leads to the corresponding deepening in the distribution.
However, the depth of these local minima is less than in
the first case and, generally, depends on the values of κ
and ξ2.
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FIG. 11: (Color online) The differential cross sections
dσ(lin)(κ)/dφe′ at ξ
2 = 10−2. The left and right panels are
for calculations at N = 1/2 and different values of κ and for
different values N at κ = 3, respectively.
The differential distributions for linear polarization
and in FPA with φCEP = 0 are exhibited in Fig. 11. The
left and right panels correspond to calculations at differ-
ent values of the parameter κ for ξ2 = 10−2 andN = 1/2,
and to different values of pulse duration at ξ2 and κ = 3,
respectively. Again, one can see a non-monotonic shape
and multi-bump structure of the distributions, which is a
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consequence of the interference of two terms in the par-
tial probabilities of Eq. (41). The shapes are different
from that in case of circular polarized pulse [29].
0,0 0,5 1,0 1,5 2,0
φ
e’
/pi
10-2
10-1
100
dσ
(κ)
/dφ
e
’ 
(m
b/r
ad
)
total
N=1/2
I
ξ2=10-2
C(circ)
κ=3
II
(-)
(+)
0,0 0,5 1,0 1,5 2,0
φ
e’
/pi
10-3
10-2
10-1
100
dσ
(κ)
/dφ
e
’ 
(m
b/r
ad
)
total
N=1/2
I
ξ2=10-2
C(lin)
κ=3
II(+)
(-)
FIG. 12: (Color online) The differential cross sections
dσ(κ)/dφe′ at N = 1/2, ξ
2 = 10−2 and κ = 3. The left and
right panels are for circ and lin pulse polarizations, respec-
tively. The dashed and dot-dashed curves marked by (-) and
(+) are for the first (negative) and second terms in Eqs. (41),
(42), respectively. The thick solid curve is for coherent sum
of both contributions.
In fact, for both circular and linear polarizations, the
total probability is a coherent sum of negative and pos-
itive terms in the partial distributions in Eqs. (41) and
(42). But the azimuthal angle dependencies of these two
terms are similar and quite different for circ and lin pulse
polarizations, respectively, which is illustrated in the left
and right panels of Fig. 12. As a result, the azimuthal
angle distribution has one bump at φe′ = 0 (2π) and a
multi-bump structure in circ and lin polarizations, re-
spectively.
Manifestations of the interplay of the azimuthal an-
gle of the outgoing electron φe′ and the envelope carrier
phase φCEP for the non-linear Compton scattering in
azimuthal angle distribution in case of the finite pulse
are shown in Fig. 13. The results for circular and lin-
ear polarizations are exhibited in the left and right pan-
els, respectively. The calculations are for fixed κ = 3
and ξ2 = 10−2 and for different pulse durations with
N = 1/2, 1 and 2 exhibited in the top, middle and bot-
tom panels, respectively.
Similarly to the non-linear Breit-Wheeler process, in
case of circular polarization the shapes of the distribu-
tions are smooth curves with maxima and minima at the
points φe′max = φCEP ± 2π and φe′min = φe′max ± π.
The explanation for this is the same as in case of the
Breit-Wheeler process discussed in Sect. II (for further
details see [29]). The shapes of the distributions are
similar for different pulse durations from N = 1/2 to
N = 2. However, the relative amplitude of oscilla-
tions dσ(φe′max)/dσ(φe′min) changes from about 23 at
N = 1/2 to about 1.06 at N = 2. This means that for
N & 2 the azimuthal angle distributions can be consid-
ered as isotropic.
For linear polarization, the situation is quite dif-
ferent. As pointed above, in the case of φCEP =
0, one gets results discussed above. The angu-
lar distributions dσ0(κ)/dφe′ ) have maxima at φ
′
e =
π/4, 3π/4, 5π/4 and 7π/4. For sub-cycle and short
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FIG. 13: (Color online) The differential cross sections
dσ(κ)/dφe′ as a function of φe′ for different values of φCEP
for κ = 3 and ξ2 = 10−2. The left and right panels are for
circular and linear polarizations, respectively. The top, mid-
dle and bottom panels are for N = 1/2, 1 and 2, respectively.
pulses the height of the first (second) bumps in-
creases when φCEP decreases (increases). That is be-
cause the phase factor in the basic functions A˜m(ℓ) in
Eq. (11) is determined by the highly oscillating func-
tion
∫
dx exp[−i(ℓx − z cosφe′ cosφCEPxf(x))], which
strengthens A˜m(ℓ) for large and positive values in the
product c = cosφe′ cosφCEP . Thus, this product has
a maximum equal to 0.701 at bump positions φe′ =
π/4, φCEP = 0, φe′ = 3π/4, φCEP = π and so on. At
φCEP = π/2, the height of the bumps does not depend
on the bump position. Note that the factor c does not
determine directly the bump positions, which depend on
the interplay of two terms in the partial probability (41).
For relatively long pulse with N & 2, similarly to case
of circular polarization, the angular distribution does not
depend on φCEP , but in contrast to the circular polar-
ization now it is not isotropic and it becomes close to the
IPA result (cf. Fig. 9).
V. SUMMARY
In summary we have performed a simultaneous anal-
ysis of two essentially non-linear QED processes in cir-
cularly and linearly polarized short and intensive e.m.
(laser) pulses: (i) non-linear Breit-Wheeler e+e− pair
creation in the interaction of probe photon with such
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a pulse and (ii) the photon emission or the non-linear
Compton scattering when an initial electron interacts
with the short and intensive e.m. (laser) pulse. Both
processes are analyzed in the multi-photon region, where
several photons at the same time participate in the pro-
cess. In case of non-linear Breit-Wheeler e+e− pair emis-
sion, the multi-photon region is determined uniquely by
the variable ζ > 1 or s < ssthr = 4m
2. For the non-linear
Compton scattering, we use the partially integrated (i.e.
truncated) cross section where the integration starts from
the dynamical parameter κ > 1 which selects the multi-
photon events and is an analog of the variable ζ in the
Breit-Wheeler process.
Our analysis shows the step like ζ (κ) behavior of
the total cross sections for the non-linear Breit-Wheeler
(Compton) process in the case of relatively long pulses
with the number of oscillations in a pulse N & 2, similar
to the prediction for the infinitely long pulse. In case
of sub-cycle pulse (N = 1/2), the cross sections exhibit
an exponential dependence exp[−bζζ] (exp−[bκκ]). The
slopes bζ , bκ depend on the field intensity and the pulse
duration.
The azimuthal angle distributions are very sensible
and, in particular, depend on the carrier envelope phase
φCEP . In addition to the processes occurring in the circu-
larly polarized e.m. pulses considered earlier [29], the case
of linear polarization leads to the qualitative modifica-
tion of the azimuthal distributions of outgoing electrons.
These distributions are non-monotonic functions with pe-
culiar maxima and minima. Their positions, heights, and
depths are determined by the structure of the phase fac-
tor P(lin) of the basis functions A˜m, and they depend on
the dynamic variables ξ2, ζ, κ, and φCEP and the pulse
width (∆) as well. In the case of non-linear Compton
scattering, the angular distributions are determined by
a nontrivial destructive interference of the terms in the
partial probability w(lin)(ℓ).
Our results may be used as a unique and powerful
method for studying the multi-photon dynamics of ele-
mentary non-linear QED processes. The φCEP determi-
nation, both in cases of circularly and linearly polarized
laser beams, can be used as an input for studying non-
linear QED process in the photon-electron and photon-
laser interactions for forthcoming experiments, which are
expected in the near future.
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